The Korteweg-de Vries (KdV) equation with higher order nonlinearity models the wave propagation in one-dimensional nonlinear lattice. A higher-order extension of the familiar KdV equation is produced for internal solitary waves in a density and current stratified shear flow with a free surface. The variational approximation method is applied to obtain the solutions for the well-known KdV equation. Explicit solutions are presented and compared with the exact solutions. Very good agreement is achieved, demonstrating the high efficiency of variational approximation method. The existence of a Lagrangian and the invariant variational principle for the higher order KdV equation are discussed. The simplest version of the variational approximation, based on trial functions with two free parameters is demonstrated. The jost functions by quadratic, cubic and fourth order polynomials are approximated. Also, we choose the trial jost functions in the form of exponential and sinh solutions. All solutions are exact and stable, and have applications in physics.
Introduction
The Korteweg-de Vries (KdV) equation plays an important role in describing motions of long waves in shallow water under gravity, one-dimensional nonlinear lattice [1] [2] [3] [4] [5] [6] [7] , fluid mechanics [8] , quantum mechanics, plasma physics, nonlinear optics and other areas. The KdV equation is a well-known model for the description of nonlinear long internal waves in a fluid stratified by both density and current. The steady-state version of this equation was produced by Long [9] , while Benney [10] gave the integral expressions for calculation of the coefficients of the KdV equation for waves in a fluid with arbitrary stratification in the density and current. The next step was due to Lee and Beardsley [11] who indicated the asymptotic procedure needed to produce higher-order KdV equations based on two small parameters representing dispersion and nonlinearity. More detailed information was obtained for interfacial waves in a two-layer fluid.
Kakutani and Yamasaki [12] found the coefficient of the cubic nonlinear term in an implicit form, and showed its importance for certain conditions, where the quadratic and cubic nonlinear terms are of the same order. Due to the negative sign of the coefficient of the cubic nonlinear term, this situation led to an upper limit for the solitary wave amplitude. Then all nonlinear dispersive coefficients for all second order terms were found for a two-layer fluid [13] , and the extended KdV equation was compared with results of laboratory experiments of internal solitary waves. A more detailed analysis of the properties of the steady-state solitary waves in a fluid with arbitrary density and current stratification, was reported by Gear and Grimshaw [14] , which are valid to the second order of an asymptotic expansion. There are many classical methods proposed to solve the KdV equation, including direct integration, Lyapunov approach, Hirotas dependent variable transformation, the inverse scattering transform, and the Bäcklund transformation [15] [16] [17] . A direct algebraic approach has also been developed by Parkes and Duffy [18] in which the solutions to the particular equation are represented by E-mail address: aly742001@yahoo.com. an automated tanh-function method [18] . Recently, Wazwaz considered the abundant solitons solutions, compactons and solitary patterns solutions, some new solitons and periodic solutions of the fifth-order KdV equation [19, 20] . The adiabatic parameter dynamics of 1-soliton solution of the generalized fifth-order nonlinear KdV equation is obtained by virtue of the soliton perturbation theory [21] [22] [23] .
This paper is organized as follows. An introduction is given in Section 1. In Section 2, we formulate the variational principle for the KdV equation with higher order nonlinearity and the Lagrangian L. In Section 3, we find the exact solutions for the KdV equation with higher order nonlinearity, demonstrate the simplest version of the variational approximation based on trial functions with two free parameters, approximate the jost functions by quadratic, cubic and fourth order polynomials, and we choose the trial jost functions in the form of exponential and sinh solutions. Finally, we give the conclusion in Section 4.
Formulation of the variational principle
The KdV equation with higher order nonlinearity as a model for the wave propagation in one-dimensional nonlinear lattice as [24, 25] 
where b and c are arbitrary constants. On substituting u(x, t) = v x (x, t) in Eq.
(1), we get
We discuss the existence of a Lagrangian and the invariant variational principle for Eq. (2). Eq. (2) is reduced to a system of two second order equations, we put w = v xx and express it in the following form
The coupled partial differential equations (3)-(4) satisfy the consistency conditions as expressed in [26, 27] , then a functional integral J(u, v) for the system of Eqs. (3)- (4) can be written down using the formula given by Tonti [26, 27] , as
where dΩ = dtdx.
After some calculations, Eq. (5) takes the form
On integrating partially the second order derivative terms in Eq. (6) with respect to x and choosing the boundary conditions on v x and w x , such that the boundary terms vanish, we get the functional integral in the form
On replacing w by v xx above, we find
Then the Lagrangian L is given by
As a necessary check to our calculations, we use the value of L in the Euler-Lagrange equations
which yields us Eq. (2).
Exact solutions

The quadratic solution
The quadratic solution for the KdV equation with higher order nonlinearity (2) can be chosen as [28, 29] v(t,
Subject to initial condition
In Eqs. (11) and (12), we have two free parameter α and β. A straightforward steps yields the values of the Lagrangian which is calculated with the trial function (11) into the functional integral (8), we obtain the reduced variational problem as
We have the functional integral in the form
Varying the expression (14) with respect to α and β, respectively, we get
The roots of Eqs. (15)- (16) are
By substituting the values of α, β, b and c into the expression (14) for the functional integral J produces the following J = 14.2868.
(18) Fig. 1(a) - (b) shows an example of the quadratic solution (11) with initial condition (12) for the KdV equation (2) and the Lagrangian L(t, x), with the parameters α = 0.8298, b = 1, c = −1, and β = 0.2647 in the interval −1 < t < 1 and −1 < x < 1, respectively. Here, we note that the latter figures represent a stable system.
The third-order solution
The third-order solution for the KdV equation with higher order nonlinearity (2) can be chosen as [28, 29] v(t,
In Eqs. (19) and (20), we have two free parameter α and β. A straightforward calculation yields the values of the Lagrangian calculated with the trial function (19) into the functional integral (8), we obtain the functional integral in the form
Varying the expression (21) with respect to α and β, respectively, we get 
The roots of Eqs. (22)- (23) are 
The fourth-order solution
The fourth-order solution for the KdV equation with higher order nonlinearity (2) can be chosen as [28, 29] v(t,
subject to initial condition In Eqs. (26) and (27), we have two free parameters α and β. A direct calculation yields the values of the Lagrangian calculated with the trial function (26) into the functional integral (8) . We obtain the functional integral in the form
Varying the expression (32) with respect to α, β, b and c, respectively, we get −32 
Exponential solution
We can choose the exponential solution for the KdV equation with higher order nonlinearity (2) as [28, 29] v(t, x) = (26) with initial condition (27) and the Lagrangian (9), with the parameters α = 0.169, b = −1, c = −1 and β = 2.031 in the interval −1 < t < 1 and −1 < x < 1.
By straightforward calculation, we get the values of the Lagrangian calculated with the trial functions (33)-(34) into the functional integral (8), we obtain the functional integral in the form
Varying the expression (35) with respect to α and β, respectively, we get exp(−5(α + β))
exp(−5(α + β))
The roots of Eqs. (36)- (37) are 
Sinh solution (first case)
The solution for the KdV equation with higher order nonlinearity (2) can be chosen as
subject to initial condition
After applying straightforward steps, we get the values of the Lagrangian calculated with the trial function (41)- (42) into the functional integral (8), we obtain the functional integral in the form Varying the expression (43) with respect to α and β, respectively, we get 
The roots of Eqs. (44)- (45) 502 in the interval −π < t < π and −π < x < π, respectively. Here we note that the latter figures represents a stable system.
Sinh solution (second case)
A direct calculation yields the values of the Lagrangian calculated with the trial function (48)-(49) into the functional integral (8) . We obtain the functional integral in the form 
Varying expression (50) with respect to α and β, respectively, we get cumbersome analytical expressions, which we do not (2) and the Lagrangian L(t, x), with the parameters α = 0.028, b = −1, c = 1, and β = −1.227 in the interval −π < t < 0 and −π < x < 0; 0 < t < π and 0 < x < π , respectively. Here we note that the latter figures represent a stable system.
Conclusion
The motions of long waves in shallow water under gravity, one-dimensional nonlinear lattice, fluid mechanics, quantum mechanics, plasma physics and nonlinear optics are described by the KdV equation. We have demonstrated the applicability of the variational principle method for solving the KdV equation with higher order nonlinearity with the help of some concrete examples. By using the variational principle method, the exact solutions of the KdV equation with higher order nonlinearity are given without going into detailed calculation. We discussed the existence of the Lagrangian and the invariant variational principle for the higher order KdV equation. We demonstrated the simplest version of the variational approximation, based on trial functions with two free parameters. We approximated the jost functions by quadratic, cubic a b and fourth order polynomials. Also we chose the trial jost functions in the form of exponential and sinh solutions. All solutions are exact and stable, and have applications in physics.
